We address the problem of the uniqueness of the particle trajectories corresponding to a weak solution of the two-dimensional Navier-Stokes equations with square integrable initial condition and regular enough forcing function. In order to do this we obtain an estimate for H 3/2 -norm of the weak solutions of the Navier-Stokes equations and show that t D 3/2 u is bounded which provides a bound on the time derivative of the corresponding trajectories near the initial time. This, combined with an appropriate log-Lipschitz bound on the velocity field, gives the uniqueness. We also show that the same approach can be used to prove the uniqueness of the trajectories corresponding to the local strong solutions of the three-dimensional Navier-Stokes equations when the H 1/2 -norm of the initial condition is finite.
Introduction
We consider the incompressible Navier-Stokes equations
(1) ∇ · u = 0 with u(x, 0) = u 0 (x) and in a periodic domain Ω = [0, L] d , d = 2, 3, where u is the velocity field, ν the kinematic viscosity (a given constant), p the pressure scalar field and f the external forcing function. For a two-dimensional domain, it is known that for a given divergence-free square integrable initial condition u 0 and sufficiently regular forcing function f a unique global weak solution u exists (Leray 1934 , Ladyzhenskaya 1969 . The main purpose of this paper is to show the uniqueness of the fluid particle trajectories corresponding to such a weak solution of the two-dimensional Navier-Stokes equations.
For a periodic domain Ω ⊂ R d , we let H be the space of periodic, divergence-free and smooth vector-valued functions on Ω with zero average, and define
We denote the L 2 -norm on H by · , and the norm on any other normed space X by · X .
The Navier-Stokes equations can be written in the following functional evolution form (Constantin and Foias 1988 , Robinson 2001 , Temam 2001 du dt + νAu + B(u, u) = f, with u(0) = u 0
where A = −Π∆ is the Stokes operator, and B(u, u) = Π(u.∇)u with Π the orthogonal projection from L 2 onto H. If a solution u of the equations (2) is given, then the trajectory of a particle of fluid, initially at a ∈ Ω, is the solution of the following set of ordinary differential equations: dX(t) dt = u(X(t), t), with X(0) = a.
For a two-dimensional domain, when u 0 ∈ H and f ∈ L 2 (0, T ; H −1 (Ω)), equations (1) have a unique weak solution u ∈ L ∞ (0, T ; H) ∩ L 2 (0, T ; V ) (Leray 1934 , Temam 2001 ). For such a weak solution u, it follows from the Sobolev embedding theorem and Lemma 2 of Section 3 that
for some α > 0. Therefore there exits a continuous solution, X(t), of the differential system (3) for t ∈ [0, β] with 0 < β ≤ T (Coddington and Levinson 1955) . For the periodic domain Ω, it is obvious that X(t) ∈ Ω for t ∈ R ≥0 and therefore β = T . It is known (Diperna and Lions 1989 , Bahouri and Chemin 1994 , Desjardin 1997 ) that if one fixes X(s) at some positive time s, the particle trajectory X(t) : [s, T ] → Ω is unique since u(t) becomes regular enough for t > 0. However, considering the differential system (3) which has X fixed only at t = 0, the issue is the possibility of non-uniqueness just after t = 0. We will prove that this can be circumvented and the solution of equations (3) is indeed unique.
We first show in Section 2, the validity of the following log-Lipschitz bound on a vector field u over the domain Ω
with | · | the Euclidean norm. This using (3) implies that the difference
and therefore for η(t) = |X(t) − Y (t)| we have
The uniqueness of the solutions of (3) follows by showing that η(t) → 0 for any t ∈ [0, T ] as s → 0 in the above inequality. To do this, we will find a lower bound on to ensure that η(t) → 0 as s → 0. Finding such a bound for t s Au(τ ) dτ is straightforward (Section 4). To find a bound on η(s) as s → 0, we note that by the Sobolev embedding theorem
In Section 3 we obtain some estimates on weak solutions of the two-dimensional Navier-Stokes equations which provide an appropriate bound on D 1+α u in the above inequality. In fact, we prove that t u H 3/2 (Ω) is bounded when Ω is a periodic domain. Then using an interpolation result it follows that t 1/2+α u H 1+α (Ω) is bounded for any α ∈ [0, 1/2] which, using (4), leads us to an appropriate bound on η(s).
In the case of the three-dimensional Navier-Stokes equations, it is known that, for u 0 ∈ H and f ∈ L 2 (0, T ; H −1 (Ω)), at least one weak solution exists. However there is no uniqueness result for these weak solutions. In Section 5 of this paper, we will consider the three-dimensional equations with the minimal Sobolev regularity of initial condition (u 0 ∈ H 1/2 (Ω)) for which a unique solution is known to exist locally (Fujita and Kato 1964, Sohr 2001 ). For such a solution, we show the uniqueness of corresponding particle trajectories as long as a unique solution exists, following the same kind of argument as the one used for the two-dimensional case.
Log-Lipschitz bound for the velocity field
It is known (Kato 1967, Bahouri and Chemin 1994 ) that a two-dimensional vector field u satisfies
for any X, Y ∈ Ω. In the following Lemma, assuming that |X − Y | is sufficiently small, we obtain a better log-Lipschitz bound on |u(X) − u(Y )|.
for some constant c depending on L and d.
L k·x dx with k ∈ R d be the Fourier coefficient of the vector field, u. Then by CauchySchwarz inequality we have
For any ξ ∈ R d , by the mean value theorem, |e iξ·x − e iξ·y | ≤ 2|X − Y | |ξ|. Therefore, noting that |e iξ·x − e iξ·y | ≤ 2, we can conclude that
for any α ∈ (0, 1). Using this, we can write
2 log |X−Y | + 1. Noting that x 1/2 log x = e 1/2 the result follows. ⊓ ⊔
The result of the above lemma is also valid for a vector field u in a bounded domain Ω, as long as the boundary of Ω is smooth enough so that u has an extension
(see for e.g. Lemma 6.37 in Gilbarg and Trudinger 2001) . The same logLipschitz bound can then be obtained for u, using the Fourier transform of E [u] .
We now let X and Y be two solutions of (3) with the same initial condition X(0) = Y (0) = a. Then by (3) and (5), in the case of a two-dimensional domain,
which after integration with respect to t gives
If we could show that Au ∈ L 1 (0, T ; H(Ω)), we could easily conclude from (17) that η(t) → 0 as s → 0 and the uniqueness of particle trajectories over [0, T ] would follow. However, to our knowledge, the best result about regularity of D 2 u is due to Lions (1995, theorem 3.9) and states that
is the Lorentz space (see Adams 2003 , for example) and a ∈ L 1,∞ (0, T ; X) means that µ{ a(t) > λ} ≤ C λ for any λ > 0 and some C ≥ 0, with µ the Lebesgue measure. But this is not sufficient for our purposes, because (Bergh and Löfström 1976) (
. Moreover for such a velocity field, the differential equations (3) have more than one solution, since both X(t) = 0 and X(t) = −1/ log t solveẊ = t −1 X 2 with X(0) = 0. We cannot show the above regularity for Au. Instead we show that log(1/η(s)) blows up faster than Au 2 L 1 (s,t,H) when s → 0 to show the uniqueness result. Meanwhile, in the next section, we show that
As a last remark on the above log-Lipschitz bound, we note that it is possible to weaken the H 2 -norm of u(t), appearing in the coefficient of the right hand side of (5) to u X for some X ⊃ H 2 (Ω), by increasing the power of (− log(X − Y )). However if this power is bigger than one, even with u X ∈ L 1 (0, T ), the uniqueness of the solutions ofẊ = u(X, t) would not follow. The best we can obtain, keeping the power of (− log(X − Y )) at one, is the following
However, it seems unlikely that u H 2− 1 (Ω) ∈ L 1 (0, T ) for weak solutions of the two-dimensional Navier-Stokes equations. In fact, even for the heat
where
(log(e + x)) r .
The maximum of g t (x) occurs at x = cr t − 1 with c r a constant depending on r. Therefore
which is finite if r > 2. It would be interesting to investigate whether r > 2 is indeed optimal and also find an example for which
Estimates on the weak solutions in a two-dimensional domain
Here, for a weak solution of the two-dimensional Navier-Stokes equations (2) with u 0 ∈ H, we find an upper bound for the blow-up of D 3/2 u(t) as t → 0 using the fact that T 0 D 3/2 u(t) ds is finite. For proving the particle trajectory uniqueness result of this paper in the two-dimensional case, showing that u ∈ L 1 (0, T ; H 3/2 (Ω)) would be enough. However we prove a more general result in the following lemma and establish that u ∈ L 1 (0, T ; H 1+α (Ω)) with α ∈ (0, 1) for any weak solution of two-dimensional Navier-Stokes equations. We also show that
be a weak solution of the Navier-Stokes equations (2) with u 0 ∈ H and f ∈ L 2 (0,
Proof. Taking the inner product of (2) with D 2α u we obtain
For the trilinear form b(u, u, D 2α u), since
we can write
By the Sobolev embedding theorem for fractional spaces (Adams 1975 
using Young's inequality and the fact that u(t)
We also note that since α < 1,
Substituting these into (8) yields
for any β > 0. We now use the idea behind the method that is used to show the L 2/3 (0, T ; D(A))-regularity of the weak solutions of the three-dimensional Navier-Stokes equations in Temam (1995) and Foias et al (2001) . Dividing both sides of the above inequality by (1 + D α u 2 ) 1+β > 0 and integrating with respect to t, we obtain
Since we have assumed that u(0) has no more than L 2 regualrity, the first term on the left-hand side is zero. The second term is obviously finite and since u ∈ L 2 (0, T ; V ) we conclude that
with k = 1 + c T 0
In the last inequality we have used the properties of real powers of the Stokes operator (Constantin and Foias 1988) to write
2 , taking β = 1 in (10) will give the result. If α > 1 2 , then we let γ = 2α − 1 and write
and we can write
The integral in the last term is again in a form similar to the integral term we started with. If γ ≤ 1 2 , for β = √ 5 − 2 the right-hand side is finite and we get the result. If not and γ > 1 2 , we write 2γ = 1 + (2γ − 1) and continue as before. Repeating the same procedure n − 1 times we obtain
where C(β, n) and C 1 (β, n) are constants with values depending on β and n. For any α ∈ (0, 1) there exists an N such that α < 2 N −1 2 N for which the exponent of the weak derivative in the right-hand side of the above equation is less than 1. Since β can be chosen arbitrarily small, we set β = ( √ 5 − 2) N −1 . Noting that for a finite N , C(β, N ) < ∞, we conclude that
⊓ ⊔
Another estimate for two-dimensional weak solutions follows from the above lemma:
be a weak solution of the Navier-Stokes equations (2) with u 0 ∈ H and f ∈ L 2 (0, T ; H). Then for any
Proof. Since for any γ ∈ (0, 1) there exists an n such that γ ≤ 2 n−1 −1 2 n−1 , the result follows from (11) 
As mentioned in Section 2, Au L 1 (0,T ;H) is bounded if u 0 ∈ H ǫ (Ω) for some ǫ > 0. We use Corollary 1 to prove this:
Corollary 2. Assume that in the Navier-Stokes equations (2)
which implies that
and therefore
where k = c exp c T 0
From this and (12) we conclude
We take the inner product of (2) for some α > 0. After dividing both sides by (1+ Du 2 ) 1+α and integrating, we obtain
Now we can write
By Corollary 1, if we take α ≤ (
and the result follows. ⊓ ⊔ Using the result of Lemma 2 we can now show that D 3/2 u(t) ≤ k/t for some constant k. We note that the results of Lemma 2 and its corollaries are valid in a bounded no-slip domain as well. For the following result however, we need the domain to be periodic to be able to write Au = −∆u when u ∈ D(A) and obtain an appropriate estimate for the trilinear form.
where the constant k depends on K 2 = t 0
(1 + Du(t) 2 ) dt.
Proof. We take the inner product of (2) with A 3/2 u to obtain
Letting A 1/2 u = v and noting that for v ∈ D(A), Av = −∆v in a periodic domain, we can write
In the above equation the integral over boundary vanishes because of periodic boundary condition. Since for a two dimensional domain Ω,
where we have used Young's inequality in the last line, and
and in a similar way D 1/2 u 2 ≤ u Du , we conclude that
Going back to (22) and noting that
Since for the weak solutions of the two-dimensional Navier-Stokes equations
Integrating with respect to t, we obtain
where k 2 = c(k 1 + F 2 ), which implies that 1 2
Integrating with respect to s this time, between 0 and t and using Lemma 2, we can write
and the result follows. ⊓ ⊔ It follows from the above lemma and the interpolation result for Sobolev spaces (Bergh and Löfström 1976, theorem 6.4 .5) that
4. Uniqueness of the particle trajectories in a two-dimensional periodic domain
Now we can prove the main result of this paper:
be a weak solution of the two-dimensional Navier-Stokes equations
has a unique solution.
Proof. We denote by X(t) and Y (t) two solutions of (3) with the same initial condition X(0) = Y (0) = a. Then using Lemma 1 and following the discussion in Section 2,
Integrating the above inequality with respect to t, we obtain
We first find an estimate for the integral in the right-hand side of the above inequality. Taking the inner product of (15) with Au we obtain 1 2
Dividing both sides by 1 + Du(t) 2 and integrating yields
This leads us to 
We need now to obtain a lower bound on the blow-up of log 1 η(s) as s → 0. By the Sobolev embedding theorem we have
From Lemma 3 we can write
which after integrating over (0, s) implies that
Now by (17) and (18) we have
By ( which implies that
where the constant c depends only on ν and the domain Ω. There exists a small enough T * such that
Noting that log(1/η(s)) → ∞ as s → 0, we conclude that η(t) → 0 for t ∈ [0, T * ]. For the two-dimensional Navier-Stokes equations (15) with u(0) ∈ L 2 (Ω), Au ∈ L 1 (ǫ, T ) for any ǫ > 0 (Temam 2001) . Having η(T * ) = 0 and Au ∈ L 1 (T * , T ), it follows that η → 0 for t ∈ [0, T ] from (17). ⊓ ⊔
Particle trajectories for the three-dimensional Navier-Stokes equations
It is known that for the three-dimensional Navier-Stokes equations
with u 0 ∈ H 1 2 (Ω) and forcing function f sufficiently regular, a unique so- (Fujita and Kato 1964) . In this section, for such a solution u, we show the uniqueness of the solution of the differential system dX(t) dt = u(X(t), t), with X(0) = a,
following an approach similar to the one used in the two dimensional case, when u was a weak solution. We note that the existence of at least one continuous solution of the differential system (21) is known (Foias et al 1985) . We consider X(t) and Y (t) two solutions of (21) and let η(t) = |X − Y |. From Lemma 1 we have
for s < t ≤ T ′ and as long as |X − Y | ≤ e −1/2 . Here also, to our knowledge, the L 1 (0, T ′ ; D(A 
3/2+α u(s) for some α > 0, and when
can be bounded in terms of D 3/2 u(s) and Au(s) , we first find an estimate for these last two:
) be a solution of the Navier-Stokes equations (20) with
2 u ≤ c 1 , and iii) t Au ≤ c 2 for some constants c 1 and c 2 .
Proof. i) We take the inner product of (20) 
Dividing the above inequality by (1 + Du 2 ) 2 and integrating with respect to t, yieds
we conclude that
ii) We take the inner product of (20) 
Since we have assumed the domain to be periodic we can write
By the Sobolev embedding theorem (Adams 1975 ) we have H s ⊂ L 6 3−2s and therefore
Hence, the inequality (22) can be written as
which after dropping ν A iii) Now we take the inner product of (20) 
Conclusion
We have shown the uniqueness of the particle trajectories corresponding to a weak solution of the two-dimensional Navier-Stokes equations over a periodic domain with square integrable initial condition. We also considered the three-dimensional Navier-Stokes equations with minimal Sobolev regularity of the initial condition for which the existence of a local unique solution is known. For such solutions we showed the uniqueness of the corresponding fluid particle trajectories using the same kind of argument as that of the weak solutions of the two-dimensional case.
We restricted these uniqueness result to periodic domains, because in the absence of boundaries the Leray projector commutes with the Laplacian and we could obtain appropriate estimates for the trilinear form which we needed in Lemma 3 to show that t u(t) H 3/2 ≤ c for two-dimensional weak solutions and in Lemma 4 to prove that t Au(t) is bounded, for the local strong solutions of the three-dimensional equations. It would be interesting to know if these result can be extended to the more practical case of bounded no-slip domains. However, we note that the estimates of Lemma 2 and Corollary 1 and 2 are valid in a bounded domain as well.
Two further generalizations regarding the estimates for the weak solutions of the two-dimensional Navier-Stokes equations, seem interesting to investigate. We proved in Lemma 3 that t A 3/4 u ≤ c for some finite constant c. It might be possible to show that t Au is bounded since by Lemma 2, Au ∈ L α (0, T ) for any α < 1. Moreover, in Section 2 we defined the H 2− r -norm as a slightly weaker norm than the H 2 -norm and showed that v H 2− r ∈ L 1 (0, T ) for v the solution of the two-dimensional heat equation in a periodic domain, and when r > 2. It would be interesting to see if for u, a weak solution of the two-dimensional Navier-Stokes equations, u H 2− r ∈ L 1 (0, T ) for some r > 0. If this is true, it would improve the estimate of Lemma 2 in the case of periodic domains.
